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Abstract 

We prove some general statements on stability conditions of Calabi- 
Yau surfaces and discuss the stability manifold of the cotangent bundle 
of P^. Our primary interest is in spherical objects. 

1 Introduction 

The notion of stability conditions on triangulated categories was formulated in 
|Brlj . It organizes certain bounded t-structures on a triangulated category into 
a complex manifold. In the case of Calabi-Yau spaces, this is expected to be an 
approximation of the stringy Kahler moduli of X . 

Stability conditions have been studied for one-dimensional spaces in |Brl] . 
pKR] . [Ok), pal] , and [B uKrj, higher-dimensional spaces in [Th], [Br3] . 
[Br4] . [B75] . pal] . pa2] [IE] . [Tb] , pa) . [Be] , and gn], and A^o-categories 
in [Th], [^, [^, and [KST] . The stability manifold of the category O for 
sl2 has been computed in |Mi| . Some general aspects have been studied in 
[XF] and [GKRj . The author recommends [Big] and [DoT] . [Do2] . [Do3] for an 
introduction and the original physical motivation to this subject. 

We begin with fundamental notions and properties of stability conditions. 
After preparation on spectral sequences and n-Calabi-Yau categories, we will 
concentrate on stability conditions on 2-Calabi-Yau categories. Our main result 
is the connectedness of the stability manifold of the cotangent bundle of . 
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1.1 Definitions 

Throughout this paper, % is the bounded derived category of an abelian cat- 
egory with enough injectives and T is a full triangulated subcategory of Tq. 
In addition, T is assumed to be linear over C and of finite type; i.e., for ob- 
jects E,F G T, Ilomr{E,F) is a vector space over C and the vector space 
©i Hom^(£^, F) is of finite dimension. 

For example, T can be the bounded derived category D{X) of coherent 
sheaves on a smooth projective variety X, and Tq the bounded derived category 
of quasi-coherent sheaves on X ( |BGI[ Section II, Proposition 2.2.2]). Let K{T) 
be the X-group of T. For an object E gT, let [E] he the class of E in K{T). 

We will recall some notions from [Brl| . 

1.1.1 Stability conditions 

A stability condition a = {Z, V) on T consists of a group homomorphism 
Z : K{T) — *■ C, called the central charge, and a family V{(l>), </> G R, of full 
abelian subcategories of T, called the slicing. These need to satisfy the follow- 
ing conditions. If for some </) G M, is a nonzero object in V{(j)), then for some 
miE) G R>o, Z{E) = m{E)exp{i'!T(l)). For each (/> G R, ^(0+1) = 'P{(t))[l]. For 
real numbers 0i > 02 and objects Ai G 'P{(j)i), IIom7-(j4i, A2) = 0. For any ob- 
ject E gT, there exist real numbers (pi > ■ ■ ■ > (j)n and objects Hp{E) G 'P{4>i) 
such that there exists a sequence of exact triangles Ei Hp{E) with 

£^0 = and En = E. The sequence is called the Harder- Narasimhan filtration 
(or HN-filtration for short) of E. The HN-filtration of any object is unique up 
to isomorphisms. 

1.1.2 Stability manifolds 

For an interval / C M, P(/) denotes the smallest full subcategory of T that 
contains V{(t)) for (/i G /, it is closed under extension; i.e., \i E ^ G ^ F \s 
an exact triangle in T and E,F G V{I), then G gV{I). If the length of / is 
less than one, then 'P{I) is a quasi-abelian category (in particular, it is an exact 
category), whose exact sequences are triangles of T with vertices in Vil). 

A stability condition a = {Z, V) on T is called locally- finite, if for any 
G M, there exists a real number 77 > such that 7'((0 — r],(j) -\- 77)) is of 
finite length. The set of all locally-finite stability conditions on T is called the 
stability manifold of T and denoted by Stab(T) . The stability manifold of T has 
a natural topology and each connected component is a manifold locally modeled 
on some topological vector subspace of Homz(i4r(T), C). 
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1.1.3 Some actions on stability manifolds 

Any stability manifold has a natural action of the group GL^(2,R), the univer- 
sal cover of orientation-preserving transformations of GL(2,K). In particular, 
the group contains the following C-action for rotation and rescaling of stability 
conditions; for {Z.V) £ Stab(T) and z = x + iy € z* {Z^V) is defined as 
z*Z = e''Z and (z * r){(j)) = r{(i) - v/tt) ([OB Definition 2.3]). 

1.1.4 Hearts of stability conditions 

For eachj e M, 'P{[i and 'P([j — 1, j)) are hearts of bounded ^-structures. 

By a heart of T, we mean the heart of any bounded ^-structure of T . In 
particular, ■p((0, 1]) is said to be the heart associated to a stability condition 
a = {Z,V) e Stab(r). We will call all c* P((0, 1]), c e C, "hearts of a". 

1.1.5 Semistable objects and stable objects 

For a nonzero object E G V{{j — 1, j]), the phase of E is defined to be (t){E) = 
(l/n) SLTgZ{E) G (j — l,j]. We say a real number fc is a trivial phase of an 
object E eT, if H^{E) is zero. 

For any e R, nonzero objects in 'P{(j}) are called semistable objects. For 
each object E and fc e R, H^{E) is called the semistable factor of E of the 
phase fc. For each fc G R, any object E G 'P{k) has a Jordan-Holder filtration 
in ■P(fc). A nonzero object E G 7^(fc) is called stable if it has no nontrivial 
subobject in 'P{k). 

1.1.6 Jordan-Holder blocks 

Definition 1.1. For an object i? G T, fc G M, and a G Stab(T), we will choose 
(non-canonical) ^''Jordan- Holder blocks'^ (or JH-blocks for short) of E denoted 
by JI;{E). Let = and Bq = H^{E). For i > 0, let Ai be a maximal 
subobject of Bi-i such that all stable factors of Ai are isomorphic and let 
Bi — Bi-i/Ai. By the local-finiteness of a, Bn = for some large enough n. 
Welet J^(£;) = {Ai,---,A„}. 

Corollary 1.2. With the notation in Definition [TTlJ llomT{Ai, Bi) — for any 

0<z<nandEi<.<J^»] = [i?^(i^)]- 

2 Spectral sequences and n-Calabi-Yau categories 
2.1 Spectral sequences 

For complexes £', F G Tq and a morphism of complexes f : E ^ F, let C{f) be 
the cone of /. Let us say that / is injective and splitting if / is injective and it 
splits in each degree. 
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Lemma 2.1. Let n G Z>o. For each < i < n, let i^^ G To be a complex. For 
each < i < n, let fi he a, morphism of complexes fi '■ Fi i^i+i. Then there 
exist complexes of injective objects Fi G Tq and morphisms of complexes fi : 

Fi — > i^i+i with the following properties: morphisms Fi i^i+i and Fi — )■ Fi^i 
are isomorphic: fi is injective and splitting. 

Proof. For Fq and Fi, choose quasi-isomorphic complexes of injective objects 
Fq and -Fi. Then fo ■ Fq ~f Fi is isomorphic to a morphism of complexes 
fo ■■ Fq ^ Fi. Let Fq = Fq, Fi ^ Fi® C(/o), and /o =Jq ® ao, where 
Qq : -fi — *■ C'(/o) is the canonical morphism. Then /o, /o, and /o are isomorphic 
in To, and /o is injective in each degree, since ao is injective in each degree. 
Moreover, /o splits in each degree, since Fo and Fi are injective objects. Now, 
proceed by induction. □ 

For a heart A of T, let r-^ denote the truncation functor. For any object 
E £ T, hy Lemma [2.1[ the sequence of canonical morphisms from T<j_j^(i?) 
to T-^^{E) can be realized as a sequence of injective and splitting morphisms of 
complexes f^^{E). 

Definition 2.2. For an object E £ T and integers i < j, let T^j]{E) = 
f-^j{E) / f-^-{E) , in particular, f^_^^^[i]{E) = F[\{E) in Tq. For an object 
E G T and each i e Z, let ef{E) he the connecting morphism from H^{E) 
to H^HEM, in the exact triangle t^_^^,_,^{E) ^ f(^_,^,^{E) ^ 
here, 

Definition 2.3. For objects E, F E T, p,q £ Z, and a heart A of T, let 
El%E,F) ^ (B^ezilom^W^iE),H'+\F)). 

For ©/, in ®,ezHom^(iJ^(F),ff^+'?(F)) = El%E,F), let 

F)(©/.) = ©.«((-irV.-i ° et{E) - et,^{F) o /,) g F,^+^'^-^(£;, F). 

Proposition 2.4. For any heart A ofT and any objects E,F gT, there exists 
a spectral sequence converging to Hom^(£',F) with its (p,q)- components and 
differentials on the second sheet given hy E^'jfyE^F) and d^'jfyE^F). 

Proof. For P ^ E ov P ~ F, we define a decreasing finite splitting sequence 
of subcomplexes T\P) = t^_,(P). By [BBDl 3.1.3.4], apphed to To, there 
exists a spectral sequence Ff' = ©j_j=p Hom^''''(Gr'(F), Gr-* (F)) that con- 
verges to Hom^+'^(F,F). Here, Gr*(F) ^ {E) / [E) ^ Ff_^'(F)[i]. With 
new variables q' — —p, p' = 2p + q, i' = —i, and j' = — j, Ef^ reads 
®g,+e=j' lion4 {H\{E),H'^{F)). For n G Z>o, {p,q) ^ {p + n,q-n + l) 
translates into {p' , q') ^ [p' + n + l,q' — n). Observe that because of change of 
variables, term F„ in the spectral sequence from [BBDl 3.1.3.4] is now viewed 
as En+i- □ 
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Lemma 2.5. For a heart A oi T and an object E T, let id^ be the identity 
morphism of H\{E). If E is not a zero object, then Y^cv cP^^iE , E) contains 
the one-dimensional vector space (©^ idi) ® C. 

Proof. Here, id^ G El'^J^{E, E) and E){®^ id,) = 0. □ 

2.2 n-Calabi-Yau categories 

The dual of a vector space V will be written V* . 

Definition 2.6. [BoKa|, Definition 3.1] A covariant additive functor S : T T 
that commutes with shifts is called a Serre functor, if it is a category equiv- 
alence, and for any objects E, F £ T, there exist bi-functorial isomorphisms 
tpE,F ■ Homr(-E, F) ^ Homr(i^, S{E))* such that the composite (tpg^^^ s(-F))* ° 
ipE^F ■■ iiomT{E,F) -> UomTiF,S{E))* Uomr (S (E) , S (F)) coincides with 
the isomorphism induced by S. 

By [BoKai Proposition 3.4 b], a Serre functor of T, if it exists, is unique up to 
a canonical isomorphism of functors. We will call the bi-functorial isomorphisms 
{4'e,f}e.fi£T, the Serre duality of T. 

Definition 2.7. [KoJ A triangulated category T is called an n-Calabi-Yau cat- 
egory, if the shift [n] is the Serre functor. 

Definition 2.8. We define the T -dimension of a heart ^ of T as the supremum 
of n such that Hom^(i;, F) Q for objects E,F £ A. 

Proposition 2.9. For any n-Calabi-Yau category T, the T -dimension of any 
heart ofT is n. 

Proof. For a non-zero object E e A, Iiom!^{E,E) ^ lloinr{E,E)* ^ 0. 
For m > n and any objects E,F e A, Hom™(£',F) = Uomr {E,F[m]) = 
Bomr {F[m],E[n])* = Hom^-™(F, E)* =0. □ 

Corollary 2.10. For an n-Calabi-Yau category T, a heart A of T, and objects 
E,F eT, if p < OT n < p, then E^'\{E, F) = 0. 

Proof Here, El]\{E, F) = ©^ Ylort£j-{H\{E),H''J;''{F)), which is zero when p < 
0, since ^ is a heart of T. When p > n, Proposition [2?9l applies. □ 

Proposition 2.11. For an n-Calabi-Yau category T, an object E £ T, and 
a G Stab(T), let ki > ■■■ > fc,„ be all non-trivial phases of E. If for some 
s £ Z, fcs-i — ks > n — 1, then E is decomposable. 

Proof. Here, E is an extension E' ^ E ^ E" with E' (resp. E") being an exten- 
sion oiH^^ {E) for i < s (resp. s<i). For i < s < j, Hom^(iJ^ {E),Hl^ (E)) = 
0. Hence, Hom^(i;", = 0. □ 
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For objects E, F e T and i e Z, let {E,Fy = dim HomV(£;, F). The 
Euler form on K{T) is xiE,F) = Eiez(-1)*(^' ■^)'- The quotient N{T) = 
K{T)/K{T)^ is called the numerical Grothendieck group. For an n-Calabi-Yau 
category T, the Euler form is (anti)symmetric depending on the parity of n and 
factors through N{T). 

3 Stability conditions on 2-Calabi-Yau categories 

From now on, T is assumed to be 2-Calabi-Yau. 

Lemma 3.1. Let ^ be a heart of T. Then for any objects E,F ^ T and any q G 
Z, }loiR^\E,F) has a filtration such that Kerd2;^+^(i;,i^), Cokei d°]\{E , F) , 

and eI'^_^{E,E) appear as distinct subquotients. 

Proof. By Corollary I2.10[ differentials on the third sheet are zero. Hence, 
Kerd2;^+^(£;,F) and Cokerd2;^(i;, i^) are subquotients of Homi^+'^(£;, F). Since 
again by Corollary I2.10[ morphisms d\''j^{E,E) and d^]/^^"^ {E , E) are zero, 
eI'\{E, E) is a subquotient of Hom^+''(£;, E). □ 

Lemma 3.2. [Br2' Lemma 5.2] Suppose ^ is a heart of T and Q ^ A ^ B ^ 
C ^ is a short exact sequence in A with {A, C)° = 0. Then (A, AY + {C, C)^ < 
{B,B)\ 

Proof. The equation x([S], [B]) = x{[A] + [C], [A] + [C]) reads [B.Bf = 
{A, Af + (C, Cf + 2((B, Bf + [A, Cf - ((A Af + (C, Af + (C, The 
inequality {B,Bf + (yl,C)i - {{A,Af + (C,>1)° + (C,C)°) > follows from 
the exact sequence Homr(C, A) Endr(S) Endr(A) © Endr(C) 
Hom^(C, v4), which is obtained from the condition (A, C)" = and endomor- 
phisms of the exact triangle A — > i? — > C. □ 

Lemma 3.3. For a heart ^ of cr e Stab(T) and an object E G T, 
iE,Ey > Y,{H\{E),H\{E)f > J2{H^iE),H^{E)y > (^'^)'- 

Proof By Lemma O eIi'\{E,E) is a subquotient of Hom^(i?, F). Hence, 

{E,E)' > diu,El%E,E) = Y..^j^{H\{E),H\{E))\ 

For some j G R, ^ = ^((j — 1, j]). So for each i G Z and /c G (i + j — 1, i + j], 
the HN- filtration of H\{E) gives a short exact sequence A — > H\{E) 
C — > in such that A and B are extensions of Hj^ (E) for k' > k and k' < k; 
in particular, Homr(^, i?) = 0. Hence, by Lemma [3.2[ the second inequality 
follows. 

By Lemma 1321 and Corollary II. 21 the last inequality follows. □ 

Definition 3.4. If an object E e T satisfies J^ii^^Ey = 2, then E is called 
spherical ( JSTl Definition 1.1]). 
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Lemma 3.5. Let ^ be a heart of T and E G T he a, spherical object. If for 
some spherical object S € A, every H\{E) is a multiple of 5, then i? is a shift 
of S*. 

Proof. By taking a shift of i?, for some n G Z>o, we may suppose HjJ^E) is 
nonzero only for < i < n. Then, E^''^^ = ®^e'L YiomT{H\{E), H''+''+'^{E)) = 
0. So, Cokerd2;^+^ = eI'^{E,E) = Rom^ {H^{E), H'_\{E)), which is by 
Lemma [3. 11 a subquotient of Hom^"(£', Since E is spherical, n 0. □ 

Lemma 3.6. Let a e Stab(T), G T be a non-semistable spherical object, 
and fci > • • • > fc„ be all nontrivial phases of E. If every iJ^'* (E) is a multiple 
of a stable spherical object Si, then fcs_i — fc^ < 1 for some s. 

Proof. Since E is spherical, it is indecomposable. So by ProDOsition l2.111 ki^i — 
ki < 1. If every /c^-i — ki = 1, then since E is not semistable, by Lemma 13.51 
there exists i such that Si-i [—1] ^ Si. Since iSi-i [— 1] and Si are non-isomorphic 
stable objects of the same phases, Hom^(5i_i, Si) = Homr(S'i_i[— 1], 5^) = 0. 
So B.om}j-{Ha'^^{E),H^'{E)) = 0. Then, since for any p < i < q, we have 
Hom:^(i7^ (£;), i/^ (£;)) = 0, would be decomposable. □ 

Remark 3.7. If A G T is stable for some stability condition, then {A,A)^ 
is even; because, the skew- symmetric, non- degenerate pairing llom]-{A,A) X 
Hom^(A,v4) Hom^(A, A) = Romr{A,A)* = C implies llom^{A,A) is a 
symplectic vector space. 

The pairing above is a simple case of the one in [RVl Proposition 1.1.4]. 

Definition 3.8. If an object £' e T satisfies {E,EY — 0, then E is called rigid 
([Mul Definition 3.1]). 

Lemma 3.9. For a G Stab(T), an object E G T, and a nontrivial phase fc G M 
of E, any rigid JH-block of H^{E) is a multiple of a stable spherical object. 

Proof. Let 5' be a rigid JH-block of H'^{E). Then [S] = n[A] for some stable 
object A and n > 0. Since S is semistable and rigid, x{S, S) — 2{S, S*)". Since 
A is stable, < x{S,S) = n'^{2{A,A)° - iA,A)^) ^ n^{2 - {A,AY). So, by 
Remark [X71 the Euler form forces {A,AY^Q. □ 

Lemma 3.10. For a G Stab(T), a rigid object E E T, and a nontrivial phase k 
of E, (a) any JH-block of H]^{E) is a multiple of a stable spherical object; and 
(b) if J^{E) has more than one object, then there exist non-isomorphic stable 
spherical factors for H^{E). 

Proof. By Lemmas 13.31 and 13.91 (a) holds. For (b), not all stable factors of 
H^{E) are isomorphic; otherwise, Jl^{E) would have only one object. □ 

Proposition 3.11. For any a G Stab(T), if there exists a non-semistable spher- 
ical object, then in some heart of a, there exist two non-isomorphic stable spher- 
ical objects. 
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Proof. Let E £ T he a non-semistable spherical object and fci > • • • > fc„ be 
all nontrivial phases of E. Since E is indecomposable, by Proposition I2.11[ 
ki—i ki ^ 1. 

If some J^^{E) has more than one object, then the statement follows by 
Lemma 13.101 (b) . Let us assume otherwise; by Lemma 13.101 (a) , every H^^ (E) 
is a multiple of a stable spherical object. Since E is not semistable, Lemma [3751 
applies. □ 



3.1 Twist functors 

Definition 3.12. For a spherical object E G T and an object F £ T, the cone 
of the evaluation map Rliomx{E, F) (g) E ^ F is denoted by Te{F), the twist 
functor of E ([STl Section 1.1]). 

For a = {Z, V) G Stab(r), a spherical object E eT, and Te G Aut(T), let 
Te<j^Te[<j) = {TeZ,TeV) = {ZoT^\TeoV). 

Lemma 3.13. For a = {Z,V) G Stab(T), let E G V{Q) be a stable spherical 
object and F G V{[Q,l)) be an object such that B.oxnr{F,E) = 0. Then F G 
(Tb7')([0,1]). 

Proof. By the assumption on F, Hom^(£^,F) = unless i = or 1; so, 
RMomT{E^F) -E is an extension of multiples of E and £'[—1]. Since E = 
Te{E[1]) lies in {TeV){1), RYLoTaT{E,F) ® E lies in {TeV){[Q,1]). By the 
definition of Tecf, Te{F) G {TeV){[Q, 1)). Hence, the statement follows by the 
exact triangle R Homr {E,F) ® E ^ F ^ Te{F). □ 

Corollary 3.14. In addition to the assumptions in Lemma r3.13l assume further 
that G (0, 1) and IIomr(-E,-F) ^ 0. Then F is not semistable in Tect. 

Proof. In this setting, Z{F) is in the open upper-half plane of C. The same is 
then true for {TeZ){F) = Z{F) - x{F, E)Z{E), since Z{E) G R. So if F were 
semistable in T^cr, then F G {TeP){[0, 1]) would imply that F G (T£;7')((0, 1)). 
However, RouiTiE, F) ^ would contradict {Te(I>){F) < {TE(t>){E). □ 

Remark 3.15. For a G Stab(T), we will refer to the following conditions: 
(a) there exist non-isomorphic stable spherical objects E and F in a such that 
Hom7-(-E, F) ^ Q and — 4i{E) < 4>{F) < 1; (b) any two stable spherical objects 
of the same phases are isomorphic. 

Corollary 3.16. In addition to the assumptions in Corollarv l3.14[ assume that 
F is spherical and the condition (b) in Remark 13.151 Then, Hj.^^{F) = 0. 

Proof. By the condition (b) in Remark 13.151 1] = Te{E) is the only stable 
spherical object in Teo- of the phase zero. So by Lemma[3T0| (a), H^^^^-^{F) is 
a multiple of E[-l]. Here, by Lemma EH F G {TeV){[Q, 1]). So if H^^^^^{F) 
were not zero, then Hom7-(i^, 1]) would not be zero; however, since E and 
F are in some heart of cr, Homr(i^, 1]) =0. □ 
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Proposition 3.17. For a = {Z,V) G Stab(T), assume the conditions (a) and 
(b) in Remark \3.1,5l Then for E and F in the condition (a) in Remark lS. 151 F 
is not semistable in Tec and lies in {TeV){{0, 1]). 

Proof. Since <j){E) < (l){F), Homr(F,£;) = 0. So by Lemma [SH F G 
{TeP){[0,1])- Since 4>{F) G (0,1) and Homr(£^,F) ^ 0, by Corollary [SH 
F is not semistable in Teo'. Also, since F is spherical and we are assuming the 
condition (b) in Remark[3ITil by CoroUaryElH H°^^{F) =0. □ 

4 Cotangent bundle of 

Let Z = F-^, X the cotangent bundle of Z, Cohz{X) the category of the coherent 
sheaves of X supported by Z, and T the full subcategory of D{X) consisting of 
objects supported on Z. The space X is the minimal resolution of the Klcinian 
singularity C^/Z2. Let us prove the connectedness of Stab(T). 

4.1 Pairs of stable spherical objects 

Lemma 4.1. For spherical objects E,F G T, we have the following: (a) for 

some SFiE) = ±1 and priE) G Z, [E] = sf{E)[F] + pf{E)[0,,]; (b) pe{F) = 
Pe{Te{F)). 

Proof. We have N{r) = Z • Z{Oz), so x{Oz,Oz) = 2 = x{F,F) implies that 
[F] is also a basis of N{r). Since Z[Ox] = YieY[K{T) N{T)], [F] and [O^ 
is a basis of K{T). Now, Si.(i;) = ±1, since [E] = SFiE)[F] in N{T). For the 
latter part, since Te[F] = [^^] - x{E,F)[E] = (sb - x(i^,i^))[S] +pe{F)[0^], 
Pe{F)^Pe{Te{F)). □ 

Definition 4.2. For a spherical object E E T, we will call the sign soziE), 
the sign of E. 

Lemma 4.3. If E, F, and S are spherical objects in T such that E and F have 
different signs and < 0(5") < 0(F) < 0(i?), then F and S have the 

same signs. 

Proof Since (/)(F) - 0(5') Z, Z(F © 5) 7^ 0. So if F and 5 had different 
signs, then by LemmaO (a), Z{F®S) = {pe{F) + pe{S))Z{0^) ^ 0. Hence, 
0(5) < arg((pB(F) +p£;(5))Z(0,))/7r < 0(F). However, since 0(F) - 0(F) ^ 
Z, again by Lemma O (a), Z(F ® F) = pe{F)Z{Ox) ^ 0, which implies 
0(F) < arg(p£(F)Z(0,))A < 0(S). □ 

By [ST) Theorem 1.2], twist functors restrict to autoequivalences of T. 

Lemma 4.4. Suppose a G Stab(T) satisfies the conditions (a) and (b) in 
Remark 13.151 Then for E and F in the condition (a) in Remark I3.15[ if E 
and F have different signs, then there exist stable spherical objects E' and 
F' such that F' and F' have different signs, 0(F') < 0(F') < 0(F'[1]), and 
< |(Z(F') + Z{F'))/Z{0^)\ < \{Z{E) + Z{F))/Z{0^)\. 
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Proof. By the conditions (a) and (b) in Remark [3.151 and Proposition 13.171 F 
is in {TeV){{0, 1]) and not semistable in Tgcr. Let 1 = fci > • • • > fc„ > be 
all nontrivial phases of F in Tec. By the condition (b) in Remark 13.151 and 
Lemma r3.101 each semistable factor of F of the phase ki is a multiple of a stable 
spherical object Si. 

Since E[-l] and F have the same signs and {Te(I)){E[-1]) < {TE(j)){Sn) < 
{TE(f){F) < {Te(I>){E), by LemmagJl E[-l] and Sn have the same signs. So 
E' = T-^{E) and F' = T'^iSn) have different signs. 

Since all E[—l],Sn, and F have the same signs, — {TE(j}){E[—l]) < 
{TE<f>){Sn) < {TecI^KF) reads = arg(Z[S]) < &Yg{Z[[E] + pe{F')[0^])) < 
argiZm + Pe{T^\F))[0,])). Hence, < \pe{F')\ < \pEiT^\F))\. By 
Lemma|43](b), P£(T^i(F)) ^^(F). So < \pe{F')\ < \pe{F)\. 

Since pEiE') = pe{E) = 0, {Z{E') + Z{F'))lZ{0^) = pe{F') and {Z{E) + 
Z{F))/Z{0,)^Pe{F). □ 

Proposition 4.5. for cr € Stab(T), i/ i/iere exists a non-semistable spherical 
object, then there exist two stable spherical objects in some heart of a such that 
they have no morphisms between them. 

Proof. Since there exists a non-semistable spherical object, by Proposition l3 . 1 ll 
some heart of a contains two non-isomorphic stable spherical objects E and F. 

Since any pair of non-isomorphic stable spherical objects of the same phases 
satisfies the conclusion, we may assume otherwise; i.e., we may assume the 
condition (b) in Remark 13. 151 In particular, E and F have different phases. 

By taking a shift of -B or _F if necessarily, we may assume E and F have 
different signs. By using rotation and switching of E and F, we can assume 
= <p{E) < (j){F). Now, ff Homr(£^,i^) = 0, then again E and F satisfy 
the conclusion. So let Homr(i?, -F) ^ 0, so for E and F, the condition (a) in 
Remark l3.151 is satisfied. 

For our convenience, let Eq — E and Fq = F. By Lemma [4.41 there exist 
stable spherical objects Ei and Fi such that Ei and Fi have different signs, 
<^(Fi) < 0(Fi) < 0(Fi[l]), and < |(Z(Fi) + < |(Z(Fo) + 

Z{Fo))/Z{0,)\. 

So if we keep assuming Hom7-(-Ei, Ft) ^ 0, then we would obtain an infinite 
sequence of strictly decreasing positive integers \pEi{Fi)\. Hence, for some Ei 
and , Homr (F, , F ) = Honir (F , F, ) = 0. □ 

4.2 Pairs of stable spherical objects and autoequivalences 

Lemma 4.6. For s,t,i e Z, Rom^ {O z (s) , O z (t)) ff and only if (a) i = 
and s ~ t > 0, (h) i — 1 and |s — 1| < 2, or (c) i = 2 and s — t < 0. 

Proof For (a), HomT(Oz(s), W) = Homr(Oz(s - t),Oz) = if and only 
if s — t > 0; by the Serre duality, (c) follows. 

For (b), if \s-t\ < 2andfc ^ 0, then Hom^j^) (C> C'(s-O) = Hom^j^) (0(s- 
t),0) =0. So by [Ml Lemma 4.6], Houi't- [O z [s - t), Oz) = Homr,(z) (Oz(s - 
t),e'z)©Homc(2)(Oz,Cz(s-t))*[-2]; in particular, Hom^(e>z(s-t),C'z) = 0. 
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For \t — s\ > 2, let us recall that for the canonical bundle 0{—2) of Z, the 
spectral sequence in the proof of [Br3[ Lemma 4.6] reads i^f'' = Hom^(0, 0{t — 
s) (g) A9C'(-2)) Romp''^{Oz, Oz{t - s)). Since the homological dimension of 
Coh(Z) is one, iJj''^ = for p > 1; also, since Coh(Z) is a heart of _D(CohZ), 
El''' = for p < 0. 

lit-a > 2, then since i;"'^ = HomzlO, 0(t-s-2)) ^ 0, Ylomlj-{Oz,Oz{t- 
s)) has a nonzero subquotient. If f — s < — 2, then the Serre duality applies. □ 

For objects E,F eT, we will write H''{E) and EP''^{E, F) for -ffcohz(x)(-^) 
and i^2,Cohz(x)(^'-^) (see Definition [Ml) • 

Lemma 4.7. For objects E,F e T and s,t,q e Z, let Hom^(£', F) = unless 
z = 1, 0^(5) is a summand of H''{E), and F = Ozit). Then, (a) g 7^ imphes 
|s - t| < 2, (b) g = and Homr(i?"H£^), -F") = implies s - i < 0, and (c) 
g = and Hom^(ff ^(E'), F) implies s - t > 0. 

Proof. For (a), if |s - t\ > 2, then by Lemma SH (b), Hom:^(iJ«(F), F) ^ 0; 
i.e., eI~''{E,F) ^ 0. Hence, by LcmmaO Hom^"'?(F,F) ^0. So 1 - g = 1. 

For (b), by E"'\E,F) = Homr(i?"^(£;), F) = 0, Cokerd2'^(F, F) is iso- 
morphic to eI'°{E,F). Since by Lemma [3. 11 Goker (i^'^ [E ^ F) is a subquotient 
of Hom^(F,F) = 0, eI'^{E,F) = Hom^(i7"(F), F) = 0. So Lemma El] (c) 
applies. 

For (c), by eI''^{E,F) = Honv(iJi(F), F) = 0, KeYdl'°{E,F) is iso- 
morphic to E2'°iE,F). Since by Lemma O Kerd2'''(F, F) is a subquotient 
of Homr(-E,F) = 0, E°'°{E,F) = Romr {H^ (E) , F) = 0. So Lemma SH (a) 
apphes. □ 

Remark 4.8. By 'JU , Section 5], for any spherical object E G T and any g G Z, 
we have some u G Z and fq,gq G Z>o such that each H'^{E) is isomorphic to 
OzivY" © Oz{v - lyi, here, 1{E) is defined as J2q{fq+9q)- 

Let Sz{X) be the subgroup of Aut(T) generated by twists and shift functors 

on r. 

Lemma 4.9. For spherical objects F,F G T and some t G Z, if 1{E) > 1, 
F is a shift of Oz{t), and for every irreducible summand Oz{s) of H*{E) we 
have \s ~ t\ < 2, then for some ^ G SziX) we have < 1{E) and 

/(*(F)) = ?(F). 

Proof. By Remark for some fq,gq G Z>o, either every Hi{E) = ©^(i + 
l)^«©Oz(0^': or every iJ«(F) ^ O^W^' ©Oz(i- 1)'^'. By [lUl Claim 5.2], for 
the former case, l{TQ^i^f^{E)) < 1{E) and for the latter case, < 
1{E). Also for F, by [lUl Lemma 4.15 (i)(l)], To^[t){Oz{t)) = OzWhl] and 
To.(t-i)(OzW) = Oz(i-2)[l]. □ 

Lemma 4.10. For any w G Z, we have * G ^'^(X) such that {O z{v)) .'^ [O z{v- 
l)[l])} = {Oz,Oz(-l)[l]}. 
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Proof. By |IU[ Lemma 4.15 (i)(2)], ^(^^(d) ° To^(y_i-) acts as tensoring with 
2). So up to Sz{X), V is zero or one. For the latter case, by [lUl Lemma 
4.15 (i)(l)], ToAOz[l]) = Oz and To,(Oz(l)) = □ 

Proposition 4.11. For spherical objects E, F G T with Hom^(i?, F) — unless 
i = l, we have * G Sz{X) such that {'^(E), {Oz, C'z(-l)[l]}. 

Proof. By [lUl Proposition 5.1], for some e Sz{X) and t e Z, l'i(i^) = 
We will prove that for every summand Oz{s) of H' {'^ i{E)) , \s-t\ < 2. 

For some q ^ 0, if Ozis) is a summand of H'^ {'i> i{E)) , then by Lemma [4771 
(a), \s-t\ < 2. Consider the case q — 0. If for a summand Ozis) of iJ°($i(£^)), 
s— t > 2, then by Remark [4. 81 any irreducible summand of is Oz{r) 

of some r - i > 0. So by Lemma gS] (a) , Homr(^f"^(^'i(£')), = 0. 

Here, by Lemma 14.71 (b), s — t < in contradiction to s — i > 2. If for a 
summand Ozis) of H°{^i{E)), s -t < -2, then by Remark any irre- 
ducible summand of is Oz{r) of some r — t < 0. So by Lemma 
1111(c), Hom^(iJi(*i(£;)),*i(F)) = 0. Here, by LemmaO (c), s - t > in 
contradiction to s — t < —2. 

Hence by Lemma lL9l for some and l,m,n e Z, ^'2 o "ifiiE) — Oz{rn)[l] 
and ^"2 o vlfi(F) — Oz{n). By using the argument above on ^'2 o '^i{E) and 
^2 o ^i{F)^ \ni — n| < 2. Furthermore, we will prove that either m = n — I 
and Z = 1 , or n = TO — 1 and / = — 1 . 

If TO = n — 1, then by Lemma (a), Homfj-(<I>2 o <^i{E),^2 o ^ 0, 

which by the assumption, implies 1^1. li n = m — 1, then by Lemma 14.61 
(c), HomJji'^($2 o *i(-B),*2 o ^i{F)) / 0, which by the assumption, implies 
/ + 2 = 1. If TO were equal to n, then by Lemmas 14.61 (a) and 14.61 (c), both 
Hom?2-(3>2 o 'i>i(-E), <J>2 o ^liF)) and Homfji'^($2 ° ^i{E), $2 o ^i{F)) would be 
nonzero, which contradicts the assumption. 

So, when / = 1, $2 o = Ozln - 1)[1] and $2 o = also, 

when ? = -1, $2 o*i(£')[l] = Oz(m) and $2 o*i(i^)[l] = Oz{m~l)[l]. Now, 
Lemma [4. 101 applies. □ 

4.3 Connectedness 

By |Br4[ Theorem 1.3], a connected component Stabo(T) C Stab(T) is invariant 
under Sz{X). Let .A C T be the smallest extension-closed full subcategory con- 
taining Oz and C'z(^l)[l], and f/ be a subset of Stab(T) consisting of stability 
conditions {Z,V) such that P((0, 1]) = A, and ImZ(Oz), ImZ(0z(-l)[l]) > 
( |Br4i Lemma 3.1]). By |Br41 Lemma 3.6], for any a G Stabo(T), there exists 
^ € Sz{X) such that some rotation of ^{a) lies in the closure of U. 

Hence, to show the connectedness of Stab(T), we will prove that for any 
a G Stab(T), there exists ^ G Sz{X) such that ^ is a heart of '^{cr)- 

Theorem 4.12. Stab(T) is connected. 

Proof. Let a £ Stab(T). Suppose all spherical objects are semistable. Then, by 
LemmalMl(a), for any v e Z, <j){Oziv - 1)) < (/)(Oz(u)). We wiU prove that 
for some w e Z, (j){Oz{w - 1)) < (j){Oz{w)). 
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Let us assume otherwise; i.e., for any u G Z, ^(©^(u— 1)) = (f>{Oz{v)). Then, 
since by Lemma HH i?Homr(Oz(l), Oz) Oz(l) is a muhiple of Oz(l)[-2], 
the exact triangle -> To^{i){Oz) i?Homr(C'z(l), O^) ® Oz(l)[l] would 
be the nontrivial HN-filtration of the semistable spherical object Tq^^i-^{Oz)- 

So, since by Lemma mi (b), (j){0 z{w + < </)(Oz(w - 1)), (t>{Oziw + 

1)[-1]) < (t)iOz{w - 1)) < < 0(Oz(w; + 1)). Hence, Oz{w) and 

Oz{w — 1)[1] are in a heart of u. Now, Lemma [4.101 applies . 

If not all spherical objects are semistable, then by Proposition l4.51 there exist 
non-isomorphic stable spherical objects E and F in some heart of a such that 
Homr(-E, F) = HomT(F, E) = 0. By the Serre duality, Hom^(£;, F) = 0. Since 
E and F are in some heart of cr, for i < 0, Hom^(£', F) = 0. So by Proposition 
WM IioT[^r{E, F)^0 unless i = 1. Now, Proposition [411] applies . □ 
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